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Abstract 

Given a closed ideal / in a C*-algebra A, an ideal J (not necessarily closed) in /, a 
*-liomoniorphisni a : A ^-nd ^ map L : J ^ A with some properties, based on j2] 

and in] we define a C*-algebra 0{A, a, L) which we call the Crossed Product by a Partial 
Endomorphism. 

In the second section we introduce the Crossed Product by a Partial Endomorphism 
0{X, a, L) induced by a local homeomorphism a : U ^ X where X is a compact Hausdorff 
space and U is an open subset of X. The main result of this section is that every nonzero 
gauge invariant ideal of 0{X,a,L) has nonzero intersection with C{X). We present the 
example which motivated this work, the Cuntz-Krieger algebra for infinite matrices (see 

We show in the third section a bijection between the gauge invariant ideals of 0{X, a, L) 
and the a, (T~^-invariant open subsets of X. 

The last section is dedicated to the study of 0{X, a, L) in the case where the pair (X, a) 
has an extra property, wich we call topological freeness. We prove that in this case every 
nonzero ideal of 0{X, a, L) has nonzero intersection with C{X). If moreover (X, a) has the 
property that {X' ,a\^,) is topologically free for each closed ct, cr^ ^-invariant subset X' of X 
then we obtain a bijection between the ideals of 0{X,a,L) and the open cr, ct~ ^-invariant 
subsets of X. We conclude this section by showing a simplicity criteria for the Cuntz-Krieger 
algebras for infinite matrices. 
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Introduction 

In [H] it was introduced by the first named author the concept of Crossed Product by an Endo- 
morphism, based on a C*-dynamical system {A, a, L). In this article it was shown that the Cuntz- 
Krieger algebra is an example of Crossed Product by an Endomorphism. The C*-dynamical 
system associated to this example is induced by the Markov subshift {^Ia, f), that is, the endo- 
morphism a : C{Qa) — > C{Qa) is given by a{f) = f o a and L : C{Qa) — > C{Qa) is defined by 
L{f){x) = ^^-i(^) E /(y) for each X G X and for each / G (7(17^). 

It was defined in |5| by the first named author and M. Laca the Cuntz-Krieger algebra for 
infinite matrices. This algebra has a topological compact Hausdorff space Qa associated to it, 
which can be seen in |Sl4-7]. The difference between this case and the previous one is that the 
shift a can not be defined in the whole space Qa , but only in an open subset U of $7^ • Then the 
local homeomorphism a : U ^ Qa induces the *-homomorphism a : C{^}a ) C^{U) given by 
«(/) = f oa. Moreover, since j^a'^{x) may be infinite for some x G Qa , the convergence of the 
sum Yl fiy) is not guaranteed and so L{f) can not be defined by L{f){x) = fiv) 

for every / G C($7a)- However, we will show that for each / G Cc{U), L{f) defined by 
L{f){x) = Y fiy) each x G ^Ia is an element of C{Qa)- In this way we obtain a 

map L : Cc{U) C{il.A )• Because a is not an endomorphism in C(J7a ) and the domain of L is 
not the whole algebra C{il.A), the triple {A,a,L) (which we also call by C*-dynamical system) 
is not a C*-dynamical system as in and therefore the construction of Crossed Product by an 
Endomorphism defined in 6 cannot be applied. 

In this work we define, making use of the constructions of T. Katsura and M. Pimsner 
(jSl), the Croseed Product by a Partial Endomorphism. We show that our construction may be 
applied to the situation described in the previous paragraph. We study specially the case where 
the Crossed Product by a Partial Endomorphism, wich we denote by 0{X,a, L), is induced 
by a local homeomorphism a : U ^ X, where U is an open subset of a topological compact 
Hausdorff space X. More specifically, we show a bijection between the gauge invariant ideals 
of 0{X,a, L) and the o", (T~^-invariant open subsets oi X. Moreover, if {X,a) has the property 
that (X',cr|^, ) is topologically free for every closed o", (T~^-invariant subset X' of X then there 
exists a bijection between the ideals of 0{X,a, L) and the open cr, (T~^-invariant subsets of X. 
Finally we present a simplicity criteria for the Cuntz-Krieger algebras for infinite matrices. 

The choice of the name Crossed Product by a Partial Endomorphism for the algebra 0{A, a, L) 
defined in this work was motived by the local homeomorphism a : U ^ X where U is an open 
subset of X. 

In UOj, B. K. Kwasniewski defined an algebra which he called Covariance algebra of a 
partial dynamical system based on a partial dynamical system {X, a), that is, a continuous map 
a : A — > X where X is a compact Hausdorff space and A is a clopen subset of X and a (A) 
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is open. In our construction A need not be clopen, only open, but we require that a is a local 
homeomorphism. The possible relationship between these two constructions will be studied in 
a future paper. 

1 The Crossed Product by a Partial Endomorphism 

In this section we define the crossed product by a partial endomorphism and show some 
results about its structure. We study the gauge action and gauge-invariant ideals of this algebra. 

1.1 Definitions and basic results 

Let ^ be a C*-algebra and / a closed two-sided ideal in A. 

Definition 1.1 A partial endomorphism is a *-homomorphism a : A ^ ^{I) where M{I) is 
the multiplier algebra of I. 

Let J be a two-sided self adjoint idempotent (not necessarily closed) ideal in / and let 
a : A ^ M{I) and L : J ^ ^ be functions. We denote a such situation by {A, a, L). 

Definition 1.2 (^,q;,L) is a C* -dynamical system if {A,a,L) has the following properties: 

• a is a partial endomorphism, 

• L is linear, positive and preserves *, 

• L{a{a)x) = aL{x) for all a in A and x in J. 

The function L is positive in the sense that L{x*x) is a positive element of A for all x in J. 
Moreover, denoting a{a) by a{a)x is a notation for the element L"'{x). Note that if 

x,y (z J and a G A then L'^{x) € / and so L'^{xy) = L"'{x)y € J. Since J is idempotent we have 
in general that a{a)x € J for all a & A and x £ J. Therefore a{a)x lies in fact in the domain of 
L. Defining xa(a) = R"'{x) for all a; G J and a G ^ we have that (a(a)x)* = x*a{a*) for every 
xeJandaeA. In fact, (a(a)x)* = = = = x*a{a*). In the same 

way {xa{a))* = a{a*)x*. 

If {A, a, L) is a C*-dynamical system then L{xa{a)) = L{x)a for all a G ^ and x e J. In 
fact, given a e A e x e J, since a* e A and x* e J we have that L{a{a*)x*) = a*L{x*). 
Therefore L{xa{a)) = L((xa(a))*)* = L{a{a*)x*)* = {a*L{x*))* = L{x)a. 

The next goal is to define a left A-module which is also a right Hilbert A-module. Define 
the operation 

.: J xA J 

{x,a) I— I- xa{a) 

It is easy to verify that this operation is bilinear and associative. Thus J is a right ^-module. 
It is also easy to see that the function 

(,) : J X J ^ A 

{x,y) ^ L{x*y) 
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is a semi-inner product. Considering the quotient of J hy Nq = {x E J : {x,x) = 0} and 
denoting the elements x of J by 5? in J/Nq (or by (x) ) we obtain an inner product of J/Nq in 
A defined hy {x ,y) = {x,y). So the function 

II II : J/Nq R+ 
X ^ 

defines a norm in J/Nq. Denote by M the right Hilbert A-module (J/7Vo)"". 

Let us now define a left A-module structure for M. Given a E A and a; G J we have 
that x*a*ax, \\a\\'^x*x G J. Since x*(||a|p — a*a)x may be written in the form {bx)*{bx) with 
6x G J wc have that L(,'r* ||a|px — x*a*ax) > and so L(x*a*ax) < \\a\\'^L(x*x) from where 
||L(x*a*ax)|| < ||a|p||L(x*a;)||. Therefore 

Ijoa; 11^ = II (ax , ax ) II = ||L(x*a*ax)|| < ||a||^||L(x*x)|| = ||a||^||(x ,x)|| = ||a||^||x||^, 

and so, ||ax || < ||a||||x ||. This allows us define the operation 

.: Ax M -y M 
(a, m) 1-^ am ' 

where ax =ax , which is bilinear and associative, and so M is a left A-module. This operation 
gives rise to a *-homomorphism from A in L{M). In fact, defining ip : A ^ L{M) by ip{a)m = am 
we have: 

Proposition 1.3 ip is a *-homomorphism. 

Proof. For all a G A, ip{a) : M ^ M definded by ip{a){m) = am for all m G M is a linear 
function. Moreover, for x,y & J, 

{ip{a)x,y) = (Sx,y) = L{{ax)*y) = L{x*a*y) = {x,a*y) = {x,ip{a*)y), 

and since J/Nq is dense in M it follows that {ip{a)m,n) = {m,ip{a*)n) for all m,n E M. This 
shows that ip{a) is adjointable and ip{a)* = (fiia*). Obviously (p is linear and multiplicative. □ 

Definition 1.4 The Toeplitz algebra T{A, a, L) associated to the C* -dynamical system {A, a, L) 
is the universal C* -algebra generated by AU M with the relations of A, of M, the A-bi-module 
products and m*n = (m, n) for all m,n E M. 

Note that the universal algebra in fact exists, since the relations are admissible. We will 
denote by Ki the closed sub-algebra of T(A,a,L) generated by the elements of the form mn*, 
for m,n € M. 

Definition 1.5 A redundancy in T{A, a, L) is a pair (o, k) where a E A, k E Ki and am = km 
for all m G M. 

Let /q = k.ei{ip)^ fl ip~^{K{M)) where ip : A ^ L{M) is the *-homomorphism given by the 
left multiplication. 
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Definition 1.6 The Crossed Product by a partial Endomorphism associated to the C* -dynamical 
system {A, a, L) is the quotient ofT(A, a, L) by the ideal generated by the elements a — k for all 
redundancies {a,k) such that a € Iq, and will be denoted by 0{A,a,L). 

It follows from 9_ that A 9 a ^ a € 0{A, a, L) is injective. In the following proposition will 
be showed some consequences of this fact. Let us temporarily denote by a and m the elements 
of A and M in T{A, a, L). Define 

Kn = spanjmi • • • m^/i • • • /„ : mi,li £ M} 

and denote by q the quotient map from T{A, a, L) to 0{A, a, L). 

Proposition 1.7 a) A 3 a q(a) G 0{A,a, L) is an injective *-homomorphism. 

b) A 3 a a £ T{A,a,L) and q^^ are injective *-homomorphisms. 

c) M 3 m ^ in £ T'{A, a, L) is an isometry. 

d) g|_ is an isometry. 

e) M 3 q{fn) € 0{A,a,L) is an isometry. 

f) q\^ is an injective *-homomorphism. 

Proof, a) Is a consequence of (5] 

b) Follows from a) 

c) Given m € M, = ||m*m|| = ||(m,m)||. Since {m,m) G A, it follows from b) that 
||(m,m)|| = ||(m,m)||. Moreover ||m|p = ||(m,m)||. Then = ||(m,m)|| = 

d) For all m G M we have m*m € A. By a), q^^ is injective and therefore an isometry. Then 
||g(m)|p = ||g(m*m)|| = ||?Ti*m|| = ||m|p. 

e) Follows from c) and d). 

f) Let kGKn and suppose q{k) = 0. Then g((M*)"A;M") = 0. Since {M*YkM'' C 1 it follows 
from b) that {M*)'''kW' = 0. Then KnkKn = and so = 0. □ 

From now on we will identify the elements a € T(A,a,L) and q(a) G 0{A,a, L) with the 
element a of A. This notation will not cause confusion, by a) and b) of the previous proposition. 
In the same way, justified by c) and e) we will identify the elements in € T(A, a, L) and 
q{rh) £ 0{A, a, L) with the element m € M. With these identifications, 

Kn = spanjmi • • • • ■ - In ■ ^i, h G M} C T{A, a, L). 

Define 

Kn = spanjmi • • • ninli ■ ■ ■ In ■ "^i) h G M} C 0{A, a, L) 

and note that q{Kn) = Kn- If (a, k) £ A x Ki is a redundancy and a £ Iq then q{a) = q{k). 
Since a = q{a) in a, L) it follows that a = q{k) in 0{A, a, L). 

The spaces Kn e Kn are clearly closed under the sum and are self-adjoint. Moreover, the 
following proposition shows that they are closed under multiplication, and so are C*-algebras. 
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Proposition 1.8 a) KnK^ C K^ax{n,m} and also KnKm ^ K^ax{n,m}- 

b) AKn C Kn, KnA C Kn and also AKn ^ Kn and KnA C Kn. 

Proof. Since Kn = q{Kn) it suffices to show the result for the algebra T{A,a,L). 

a) Taking adjoins we may suppose n < m. Given /i...Z„tp..t* G Kn and pi...pmqi---Qm ^ ^m, 
how a = tl...tnPi---Pn € A it follows that InCi G M. Therefore 

ll...lntl...tnPl...Pmq*l---q*m = ll.--lnapn+l---Pmql---qm ^ ^m- 

This is enough since Kn are generated by elements of this form. 

b) Follows by the fact that am G M for all a G A and m £ M. □ 
We will denote hy n the element of K{M) given hy n(^) = m(n, for all ^ G M. 

Proposition 1.9 There exists a *-isomorphism S : Ki K{M) such that S{mn*) = ra®n. 

Proof. Given k G Ki and m £ M then km G M because M is closed in T{A, a, L) by 
the proposition 11.71 c). In T{A,a, L), {km,n) = (km)*n = m*k*n = {m,k*n), and how 
{m,k*n), {km,n) G A, bv 11.71 b) {m,k*n) = {km,n) in A. So, defining S{k) : M — > M by 
S{k){m) = km it follows that {S{k)m,n) = {km,n) = {m,k*n) = {m, S{k*)n) for all m,n £ M. 
This shows that ^(A;) is adjointable and S{k)* = S{k*). Since S{k) G L[M) we may define 
S : Ki L{M) which is clearly linear and multiplicative, and so S is a *-homomorphism. 
Obviously S{mn*) = m® n, and therefore S{k) G K{M) for all k G Ki. Moreover S{Ki) is a 
dense set in K{M) and so S{Ki) = K{M). In order to see that S is injective suppose S{k) = 0, 
that is, kM = 0. Then kKi = and since k G Ki it follows that k = Q. □ 

If (a, k) is a redundancy then am = km for all m G M, from where 93(a) (m) = S{k){m) for 
each m e M. Since S'(A:) G K(M) it follows that (p'^{a) G K{M). So the algebra 0(yl,a,L) 
coincides with the quotient of T(A, a, L) by the ideal generated by the elements of the form 
(a — k) for all redundancy (a, k) such that a G ker ((/?)-'-. 

Given a C*-dynamical system (A, a, L) and a closed ideal in ^ such that J N <^ I, 
we may consider an other C*-dynamical system (A, /3, L) where the partial endomorphism 
13 : A ^ M{N) is given by f3{a) = {L'^^,R'^J, considering that a{a) = {L^^R"). Since 
xf3{a) = xa{a) for all a; G J and a G ^ it follows that 0{A,a,L) = 0{A,f],L). By this 
reason we may suppose that J is a dense ideal in I. This situation will occur in the second 
section. 

It may be showed without much difficulty that the crossed product by endomorphism in- 
troduced in inj in some situations may be seen as crossed products by a partial endomorphism. 
More specifically, this holds if {a{A)) = A and L is faithfull or if a : A — > ^ is injective, 
a{A) = a{l)Aa{l), and L : A A is given by L{a) = a^^{a{l)aa{l)). The ffist situation 
occurs in Cuntz-Krieger algebras (see (HI 6]) end the last situation occurs in Pashke's crossed 
product and in the crossed product proposed by Cuntz (see [O]). 
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1.2 The gauge action 

The next goal is to show that every gauge-invariant ideal of 0{A,a,L) has non-trivial inter- 
section with the fixed point algebra of the gauge action in 0{A, a, L). 

By the universal property of T(A, a, L) it follows that for each A G there exists a 
*-homomorphism 0\ : T{A,a,L) T{A,a,L) which satisfies Ox{a) = a for all a in ^4 and 

G\{m) = Am for all rn E M. If (a, k) is a redundancy, because 9\{a) = a and ^a(^) = k ii follows 
that {6x{a),9xik)) is also a redundancy, and so we may consider 0x ■ 0(A,a,L) — >■ 0{A,a,L). 
Note that 9x^0x2 = ^AiA2 from where 6\ is a *-automorphism, with inverse 9^. Moreover, given 
r G 0{A,a,L), the function 5^ 3 A i— > 9x{r) G 0{A,a,L) is continuous. Then we may consider 

E : 0{A,a,L) 0{A,a,L) 
r ^ ! 0\{r)d\ ■ 

Proposition 1.10 The fixed point algebra of 9 is K = span{A, Kn\n G N} and E is a faithful 
conditional expectation onto K. 

Proof. It is not difficult to show that E \s a faithful conditional expectation onto the fixed 
point algebra. So it suffices to show that lm.{E) = K. The equality holds because 



E{ami ■ ■ ■ ruknl ■ ■ ■ nih) 



ami ■ ■ ■ mkUi ■ ■ ■ ri^h se k = I 
sek^l 



and the space generated by elements of the form ami ■ ■ • min\ ■ ■ ■ mjb is dense in 0{A, a, L). □ 

Definition 1.11 A ideal I in 0{A,a,L) is gauge-invariant if 9x{I) C / for each X E Si. 

If / is gauge-invariant, the gauge action in 0{A, a,L)/I is given by 

Px- 0{A,a,L)/I ^ 0{A,a,L)/I 
7r(r) ^ '^{9x{r)) 

where vr is the quotient map. In this case tt is covariant by the gauge actions 9 and /?, in the 
sense that 7r{9x{r)) = /3x{'7T{r)) for all r G 0{A,a,L) and for each A G S^. Moreover, the fixed 
point algebra for /3 is 7t{K) because the conditional expectation F induced by /3 is such that 
F(7r(r)) = 7r{E{r)) for each r G 0{A,a,L). 

Proposition 1.12 //O 7^ / < 0{A, a, L) is gauge-invariant then / n K ^ 0. 

Proof. Since 9x{I) C I for all A G then E{r) G I for aU r G J. By the fact that E is faithful 
it follows that, given 7^ r G / then E{r*r) ^ 0. Since E{r*r) E K Dl, the result is proved. □ 

Defining 

Lq = A and Ln = A -\- Ki -\- ■ ■ ■ -\- Kn for every n> 1 



we have that Lq C Li C L2 ^ ■ ■ ■ and K = [J L„. This form to see the algebra K will be useful 

neN 

in some situations which will appear latter. In some of this situations we will use the fact, given 
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by the following proposition, that the algebras L„ (by the proposition II .81 are algebras) are 
closed, for all n € N. 

Proposition 1.13 For each n G N the algebras Ln are closed. 

Proof. The case Lq follows bv ll.TI a). By induction suppose L„ closed. Note that Kn+i ^ Ln+i 
and that L„ is a closed sub-algebra of Ln+i- By P 1.5.8], L„ + Kn+i is a closed sub-algebra of 
Ln+i- Therefore L„+i = L„ + Kn+i = Ln + Kn+i = Ln+i- □ 

2 The Crossed Product by a Partial Endomorphism induced by 
a local homeomorphism 

Given a topological compact Hausdorff space X and a local homeomorphism o" : X — > X, 
defining a : C{X) ^ C{X) by «(/) = / o a and L : C{X) ^ C(X) by L(/)(x) = ^ /(y) 

for all x € X, we obtain a C*-dynamical system. This situation occurs in the Cuntz-Krieger 
algebra in A more general situation consists in considering an open set [/ C X and a 
local homeomorphism a : U ^ X. In this case, defining a as above, for all / G C{X) a{f) 
is an element of C^{U), where C^{U) is the set of all continuous and bounded functions in U . 
Moreover, ^a^^{x) may be infinite for some x £ X, and therefore L can not be defined as above. 

Although, if / G Cc{U), that is, / G C{X) such that supp(/) = {x G X : f{x) / 0} C U, we 
will show that ^ f{y) involves finitely many summands for every x G X. We will also show 

that, for each / G Cc{U), L{f) defined by L{f){x) = ^ f{y) is an element in C(X), and 

j/Go-i{a;) 

SO we may define L : Cc{U) C{X). Moreover, since C^{U) and M{Cq{U)) are *-isomorphic 
we obtain a partial endomorphism a : C(X) M{Cq{U)). 

We begin this section by showing that (C(X), a, L) is a C*-dynamical system which will give 
us the crossed product by a partial endomorphism C)(X, a,L). 

The second part is dedicated to presenting some basic results about the structure of 0{X, a, L), 
and the most important result of this part is that every ideal of 0{X, a, L) which has nonzero 
intersection with K (the fixed point algebra of the gauge action) has nonzero intersection with 
C{X). 

In the last part we show that the Cuntz-Krieger algebra for infinite matrices (see ^{) is a 
crossed product by a partial endomorphism. This is the example which motivated this work. 

The choice of the name Crossed Product by a Partial Endomorphism for the algebra 0{A,a, L) 
was motivaded by the local homeomorphism a. 

2.1 The algebra 0{X, a, L) 

Let X be a topological compact Hausdorff space, [/ C X an open subset and cr : [/ ^ X a 
local homeomorphism. Define 

a : C{X) C\U) 
f ^ f °cr 
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which is a *-homomorphism. For each / G Cc{U) define for all x G X, 



E f{y) ifc7-i(x)^ 

yeu 

<t{j/)=x 

otherwise 



If K Q U is a compact subset, taking an open cover Ui, ■■■ ,Un of K in U such that a\ is 
homeomorphism, for every x € X there exists no more than one element Xj in each cr^^(x) n Ui. 
Therefore there exists at most n elements in cr^^(x) fl K. It follows that the sum which defines 
L{f){x) involves finitely many summands for each x G X, and so L{f ){x) in fact may be defined 
as above. 

Lemma 2.1 For each f G Cc{U), L{f) is an element of C{X). 

Proof. Let / G Cc{U) and K = supp(/). We will show that L{f) is continuous on each point 
of X. Given x e X\ a{K), since X \ cr^K) is open and L(^f)y = for all y E X \ a{K), it 
follows that L{f) is continuous in x. Let x G (t{K), {xi, • • • ,Xk} = a''^{x) Ci K, and Uj open 
disjoint neighbourhoods of xj such that a^^ is a homeomorphism. The Uj may be taken such 
that o-{Uj) are open, because cr is a local homeomorphism. 

k 

Claim: There exists an open set V 3 x such that a~^{V) fl {K\{ (J Uj)) = 0. 

j=i 

k 

Suppose a~^{V) n {K\{ \J Uj)) ^ for each open set V which contains x. For every open 

j=i 

subset W 3 x define 

k 

Fw = a-\W)n{K\{\JUj)). 

j=i 

k 

Since a^^{W) is closed in U and K\{ [j Uj) C [/ is compact, it follows that Fw is compact, 

i=i 

and therefore closed in X. Moreover Fw is nonempty because 

k 

$^a-\W)n{K\{\JUj))CFw. 
Given Wi, Wm open neighbourhoods of x, we have that F m C F^. for each j from where 

n 

rn 

Fm C Fw', and so H Fw ^ for each finite collection of open neighbourhoods 

n Wj ~ ' '^-^ ' jJi ' 

Wi, Wm of X. By the fact that X is compact it follows that there exists y G f] F\y. Since 

W3x; 
Wopen 

k 

fl FwCK\{]JUj) 

W3x; j=l 
Wopen 

it follows that a{y) ^ x. Choose an open set 3 x such that a(y) ^ Wx- Then y ^ Fw^, 
which is an absurd. This proves the claim. 
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Let Vb 9 X be an open subset according to the claim and define 



k 

V = Vof]{f]a{Uj)). 

Let {yi)i an net such that yi — > x. We may suppose that {yi)i C V, and so (J'^iyi) = {yi,i, yk,i} 
where yj^i G Uj. How a^^ is a homeomorphism we have that yj^i Xj for each j, and so 

k k 
zeu j=i j=i yeu 

This shows that L{f) is continuous on the points of o-{K), and the lemma is poved. □ 

Now we are in the situation where Cc{U) is an idempotent self-adjoint ideal of Co{U), which 
is an ideal of C{X), and by the previous lemma, L : Cc{U) C{X) is a function. Moreover, 
composing a with the *-isomorphism C^{U) 3 g ^ {Lg,Rg) G M{Cq{U)) we obtain the partial 
endomorphism 5 : C{X) M{Cq{U)). It is easy to verify that (C(X),5, L) is a C*-dynamical 
system. 

Since a is essentialy given by a we will use the notation (C(X),a, L) to us refer to the 
C*-dynamical system (C(X),5,L). Moreover, since ga{f) = ga{f) for each g € Cc{U) and 
/ G C{X), no more references will be made to 5. So we have the Toeplitz algebra T{C{X), a, L) 
and the crossed product by a partial endomorphism 0{C{X), a, L). Prom now on we will denote 
r{C{X),a,L) hyr{X,a,L) and 0{C{X),a,L) by 0{X,a,L). 

2.2 Basic results 

Here we will prove some basic results about the crossed product by a partial endomorphism 
0{X,a,L). 

Lemma 2.2 Given f G Cc{U), we have that: 

a) f = if and only if f = 0. 

b) if <^\supp{f) homeomorphism then ||/||oo = 11/ II- 

Proof, a) Given / G Cc{U) and x E U such that f{x) ^ then 

L(r/)Kx))= E r(j/)/(2/)= E i/(y)i' + i/(^)i'>o. 

This shows that L is faithful, and so / = if and only if / = 0. 

b) Since ||7|p = ||L(/*/)||oo it suffices to show that ||L(/*/)||oo = ||/||^. For this note that 



\f{G-\x))\^ ifxGa(supp(/)) 
otherwise 



L{f*f){x) - 

Then ||L(/*/)||oo < O'^ the other hand, choose x eU such that |/(x)| = ||/||oo! and note 



lOO' 

|2 



that L{f*f){a{x)) = {f*f){x), which means that ||L(r/)|U > ll/IISo- □ 
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Consider the *-homomorphism (p : C{X) — > L{M) given by the left product of A by M. Note 
that / € ker((/9) if and only if fm = for each m G M, which occurs if and only if fg = fg = 
for each g € Cc{U). By a) of the previuos lemma fg = if and only fg = 0. Therefore 
/ G ker((^) if and only fg = for every g £ Cc{U) and so fg = for all g E Co{U). So, given 
g € Co{U) it follows that fg = for every / G ker((^) and so / € ker(c/?)"'-. This means that 
Co(?7) Cker(vp)^. 

Lemma 2.3 a) If f,g € Cc(U) and (^l^^pp^^^j^^ppf^g^ is a homeomorphism then {fg*,fg*) is a 
redundancy of T{X, a, L) and fg* = fg* in 0{X,a,L). 

b) Co{U) C ^-^K{M)). 

c) Co{U) C /o (= v-\K{M)) n ker{^)^) 

d) Co{U)QKi. 

Proof, a) Let f,g £ Cc{U) such that (^\^^pp^J)^J^^^^f^g-^ is a homeomorphism and h G Cc{U). 
Notice that fg*h = (fa{L{g*h))) . Since ^^l^^pp^f^ij^^pp^g^ is a homeomorphism, for each element 
X G supp(/) we have that f{x) J2 {9*^){v) = f{x)g{x)*h{x). Therefore for these x, 

fa{L{g*h)){x) = f{x)L{g*h){a{x)) = f{x) Yl (9*h){y) = f{x)g* {x)h{x) = {fg*h){x). 

yeu 

lix i supp(/) then {fa{L{g*h))){x) = = {fg*h)(x). Therefore fa{L{g*h)) = fg*h. Then 
fg*h = {fa{L{g*h))) = fg*h = fg*h for every h G Cc{U), from where fg*m = fg*m for all 
m G M. It follows that {fg*, fg*) is a redundancy. Since fg* G Cq{U) C ker(93)^ we have that 
fg* = fg* in 0(X,a,L). 

b) It is enough to show that Cc{U) C K{M). Let / G Cc{U), choose a cover Vi,---,Vn of 
supp(/) such that (T|^ is a homeomorphism. Let be a partition of unity relative to this cover. 

Define C^ = /\/|f and = V^- Then / = ^21=1 iii'* ■ By a), {iii'* ^' *) is a redundancy from 

" * . — - 

where (/, k) is a redundancy where ^ = X] ^i'^i ^ ^i- -'^'^ ^^is /"^ = for all m G M 

i=l 

and so ip{f){m) = fm = km = S{k)(m) for every m G M, where S is the *-isomorphism of 11.91 
It follows that ifif) = S{k) and so / G ip-^{K{M)). Therefore Cc{U) C ip-^{K{M)). 

c) Follows by b) and by the fact that Co{U) C ker((^)-'-. 

d) Given / G Cc{U), by b) it follows that {f,k) is a redundancy for some G Ki. Since 
/ G Co{U) C Jo it follows that / = q{k) G Ki. So C7c(;7) C from where Co{U) C Ki. □ 

The following lemma will be used several times in this work. 

n 

Lemma 2.4 If {ko,ki, ■ ■ ■ , kn) G C{X) x Kix ■ ■ ■ x Kn such that g ^ ki = for each g G Cq{U) 

i=0 

then: 

«^ ^o\a(u) =0, ko = fi + /2 where fi G Co{U) and /s G Co{X\U). 

n 

b)Eh = f2. 

i=0 
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Proof. Let e > be fixed. For every i>l choose 

Ni 

such that = /j;, with G CdU) and \\ki - A;^|| < |. Define ke = k[ + ■ ■ ■ + k'^ and 
Ke = \J supp(/j^) C U which is compact. Given x G U \ Ke take / G Cq{U) such that 

n 

f{x) = 1, < / < 1 and /i = 0. Then fke = by the choice of / and fko = -fj^h by 

i=i 

hypothesis. It follows that 

n n n 

WfkoW = II - A;, + /,fc,|| = ||/(- + ke)\\ = UY^iK - ki)\\ < e 

j=l i=l 1=1 

from where |A:o(x)| < e. In this way we have showed that |A;o(a:)| < e for all x G ?7 \ Ke- Given 
y G d(U), take a net {xi)i C U such that xi y. Since y ^ K^ and [/ \ ii'^ is open we may 
suppose {xi)i Q U \ Ke from where \kQ{xi)\ < e for each /. By continuity of k^, |A;o(y)| ^ £• 
This shows (taking e sufficiently small) that ^oig^yj = 0. Defining /i = kolu and /2 = koli/c, 
we obtain a). 

We will show b). For each e > choose Qe G Co{U) such that < 5 < 1 and = 1. Define 
he = geko. So we obtain a set of functions {he)e C Co{U). 

Claim: lim he = fi 



For each e, given x E X, 



\ihe-fl){x)\ = \ige-lu)ix)koix)\ = 



\geix) - l\\koix)\ iixeU\Ke 
xeKeUU" 



For a; G [/" \ i^e it holds that |A;o(a;)| < e and so for such elements \ge{x) — l||A;o(x)| < 2£. So 
jj^e ~ /ill ^ 2£. This shows the claim. 

Notice that geke = ke and he = geko = —geiki + • • • + kn) because ge G Co{U). Then 

he + {ki + --- + kn) = he + ke-ke + {ki + --- + kn) = 
= -geih H \- kn) + ke - ke + (ki -\ h ^n) = -^el^l H h A^n - ^e) - ^£ + (^1 H h kn), 

and so 

||/ie + (fei + • • • + A;n)|| = \\gs{-iki + --- + kn) + ke) + ((fcl + • • • + ^n) " A;^) || < 

< \\ge{-{ki + --- + kn) + ke)\\ + ||(fci + • • • + - keW < 2e. 

This shows that lim he = —{ki + - ■ ■ + kn). By the claim lim he = fi, and so /i = — (fci + - • • + A;„). 
Then J^ILo A^i = /i + /2 + H h fen = /2, proving b). □ 

Corollary 2.5 Ki n C(X) = Co(C/) 
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Proof. Let r e KiH C{X). Then r = f = k where / e C{X) and k e Ki. Then / - A; = and 
so g{f -k)=0 for all g € Co(?7), and so by [121 / = /i + /2 with /i G C7o(?7), ^ G Co{X \ U) 
and f — k = f2- How / — /c = it follows that /2 = 0. Therefore / = /i, which means that 
r = /i G Co(?7). In this way A"i n C(X) C Co{U). The other inclusion is the lemalOd). □ 

In the construction of 0{X, a, L) we have considered the ideal Iq = ^~^{K{M)) n ker(99)^. 
The previous corollary allows us to identify this ideal. 

Corollary 2.6 1^ = Cq{U) 

Proof. Given / G /q then ip{f) = k e K{M). Choose k' G 'Ki such that S{k') = k where S 
is the *-isomorphism of 11.91 Then fm = ip{f){m) = k{m) = S{k'){m) = k'm for all m G M. 
Therefore (/, k') is a redundancy. Since / G /q it follows that / = q{k') G -R'l in 0{X,a,L). By 
the previous corollary we have that / G Co{U). So Iq ^ Co{U). The reverse inclusion follows 
byHISlc). □ 

Recall that K is the fixed point algebra of the gauge action and that K = [j Ln where 

neN 

Ln = C{X) + Ki + ■■■ + Kn iov n> land Lo = C{X). 

Proposition 2.7 Every ideal of 0{X,a, L) which has nonzero intersection with K has nonzero 
intersection with C{X). 

Proof. Let / be an ideal of 0{X,a,L) such that I Ci K ^ 0. By |2 III.4.1] there exists n G N 
such that / n L„ 7^ 0. Let no = min{n G N : / n L„ 7^ 0} and choose ^ k € I Ci Lno- Suppose 
no 7^ 0. Supposing m*kk*l = for all m,l G M we have that m*k = for all m G M. So 
Kik = and by the fact that Co{U) C Ki it follows that fk = for all / G Co{U). BvlOl 
k G C{X) = Lq, which is a contradiction because we are supposing no 7^ 0. So there exists 
m,l (z M such that m*kk*l ^ 0. Notice that m*kk*l G / fl ino-i which again is an absurd 
because no = min{n G N : / fl L„ 7^ 0}. Therefore no = 0, that is, A; G Lq = C{X). □ 

By this proposition and bv ll.l2l follows the corollary: 

Corollary 2.8 If ^ I is a gauge-invariant ideal of 0{X,a,L) then If] C{X) 7^ 0. 

2.3 The Cuntz-Krieger algebra for infinite matrices 

We show that that the Cuntz-Krieger algebra for infinite matrices, introduced in 5^, is an 
example of crossed product by partial endomorphism. We begin by presenting a short summary 
of the construction of this algebra. 

Ler G be a set and A = A{i, j)ij^G a matrix where each A{i,j) G {0, 1}. Define the universal 
C*-algebra Oa generated by a set of partial isometrics {Sx}xeG with the following relations: 

1. SI Si and SjSj commute, 

2. S*Sj = for ah i ^ j, 

3. S^SiSj = A[i, j)Sj , 
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4- n ^x'^x n (1 ~ '^ySy) = Yl ^(-^; ^) jl'S'j'S'*, whenever X,Y are finite subsets of G such 
that A{X,Y,j) := l\ A{x,j){l - H MvJ)) + only for finitely many j G G. 

x&X yeY 

The Cuntz-Krieger algebra for infinite matrices was defined in ^ as the sub-algebra Oa of 
Oa generated by the Sx- 

Let F be the free group generated by G and let {0, 1}^ be the topological space (with the 
product topology), which can also be seen as the set of the subsets of F. In {0, l}'^ consider the 
set i^e = ^ F; e G S,}, which is compact. For each t G F define = {.^ G fie', t G which is 
an clopen subset. Denoting by It the characteristic function of Aj consider the set Ra Q C{fle) 
formed by the following functions: 

1. Ix^y for all X ^ y, x,y G G, 

2. Ix-ily — A{x,y)ly iov all x,y G G, 

3. Ijslj — Its for t, s G F such that \ts\ = \t\ + |s|, (where \s\ is the number of generators of 
the reduced form of s), 

4. Yl f^'-i n (1 ~ ly^O ~ where X,Y are finite subsets of G such that 

x£X yeY j&G 

A{X, Y,j) 7^ only for finitely many j G G. 

In Q.e consider the closed set VLa = G fte] f{i~^0 = OViG^,/G Ra}- In (37.3] it was 
showed that flA is the closure in of the set of the elements which have an infinite stem (see 
05.5]), where 



^ G : e G ^ is convex 

if t G ^ there is at most one x G G such that tx G ^ 
if t G y G G and G ^ then tx^^ e £, ^ A{x, y) = I 



The homeomorphisms ht : A^_i A[ given by /ii(C) = induces a partial action 
{{Dt}te¥,{Ot}) (see and H) of F in ^(^4) where A = G{At), At = A[ D Oa and 
9t : Dt-i Dt is given by 9{f) = f o ht-i and so we may consider the partial crossed product 
Gi^A) xeF (see and (H). 

It was showed in |SJ7.10] that there exists a *-isomorphism $ : Oa G{flA ) >^e^ such that 

HSx) = lx6x. _ 

Based on these informations we will show that Oa is an example of crossed product by a 
partial endomorphism. 

Let U C Qa, = U ^x- By the fact that each A^,. is open it follows that U is open. 

Moreover, U is dense in Qa , because U contains all the elements of fl'^ which have an infinite 
stem, and these elements form a dense set in Qa ■ Since each ^ G C/ contains a unique x £ G, 
we may define the continuous function a : U ^ Qa given by a(^) = x~^^ where x is the unique 
element of G which lies in ^. This function is a local homeomorphism (in fact, (7|^ : A^^ — > A^,-! 
is a homeomorphism). Defining a : G{Q,a) G^{U) by a{f) = f o a and L : Gc{U) —>■ G{Q,a) 
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by = fiv) have that (C(r2^ ), a, L) is a C*-dynamical system, and so we obtain 

veu 
<j (»;)=« 

the algebra 0{0,a ,0, L) (see section l2?T|) . 

The next step is to show that the algebras 0{Qa 1 ct, L) and Oa ai"e isomorphic. 

Lemma 2.9 a) L{lx) = l^;-! /or each x G G. 
b)flxaL{lxg) = l^fg for each x £ G and f,g £ C{i}A)- 

Proof. Both a) and b) follow by direct calculation. To prove the first part notice that 
CT-i(^) = {x^ : G e}- □ 

Proposition 2.10 There exists an unitary *-homomorphism ip : Oa 0{^}A,ct,L) such that 
ip{Sx) = Ix ■ 

Proof. We will show that V' preserves the relations 1-4 which defines Oa ■ The first relation 
follows by the fact that 4^{Sx)*ip{Sx) = Ix Ix G C{Qa)- To verify the second relation note that 
Ix^y = for X, y G G and x ^ y, from where ^^{Sx) * i'iSy) = Ix Ij/ = L{lxly) = 0. The third 
relation follows bv 12.91 a) and by the fact that l^^ily = A{x,y)ly in Qa ■ In fact, 

lJj{Sx)*1piSx)'lpiSy) = lx*lxly = L{lx)ly =lx~lly =l^~lly =A{x,y)ly = A{x , y)ljj {S y) . 

Let us verify the fourth relation. Bv 12. M a) = 1^ Ix in (^(^A ) ct, L). Therefore, also 

n n ^ 

E l^^i = E Ix, in 0{nA,a,L). Let X,Y Q G finite such that A{X,Y,Xi) 7^ only for 

i=l ' 1=1 ' ' 

i = 1, • • • , n. Then n Ix ^ 11(1- ly ^) = E 1^. in a and so 

x<^X y& i=l 

n 

n ^{Sxr^{Sx) n (1 - ^{SyY^{Sy)) = n ix-^ n (1 - = e ^^-^ = 

x&X yeY xGX j/gy «=1 

n n 

= ^ 1~ 1~ * = ^ V(5xjV'(SxJ* = 5^ A{X,Y,x)i;{SxmSxr. 

1=1 i=l xGG 

□ 

We will show that the *-homomorphism defined in this proposition is a *-isomorphism. The 
following lemma will be useful to show that this *-homomorphism is surjective. 

Lemma 2.11 The C* -algebra B generated by Ix : x £ G in 0(0^ , a, L) contains all the 
elements of 0(0,^) of the form 1^ : e 7^ r G F and moreover B coincides with the C* -algebra 
generated by M . 

Proof. Bv 12.91 al. Ix *lx = Ix-i- Given /3 = x^^ ■ ■ ■ G F with Xi G G, by induction 

lx„ •••1x1 • • • lx„ = lx„ ^x~^ ,-x7^^Xn = -^(^a^n ^x'^ •■■xrO = lx~^---x7^ • 

n — 1 1 n — 1 1 "'1 

If 6 = yr^"^ with r = xi • • • x„ and Xi,y £ G then 

^y^xn • • • Ixi Ixi • • • lx„ Ij/ =^y^r-^^y — i^y'^i^r-^)) • 
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Bv l2.;-il a) {lya{lj.-i)) ly = lya(lj,-i), and by direct calculation lj,a(l,,.-i) = lyr-^- Therefore 
lyr-i G i? for all y G G, r = xi---Xn with Xi € G. The general case, j3 = sr~^, with 
s = xi • ■ ■ Xn,r = ui ■ ■ ■ ym and Xi,yi G G follows by induction. If t G F and t is not of the form 
P = sr~^ hke above, then 1* = em Qa by [35.8]. Therefore U e B for ah e / t G F. We 
will show that B is the algebra generated by M. For each x € G, spanjlj; H dense in Dx 

s 

and bv l2.2l b). since (T|^ is a homeomorphism, it follows that spanKl^^ Yl Is) } is dense in Dx ■ 

s 

Since (IxH ^s) =1x0 ^s^x G i? we have that C because i? is closed. So Gc{U) C 

s s 

and since B is closed it follows that M C B. This shows that B contains the algebra generated 
by M. On the other hand, since Ix (z M for each x G G, it is clear that the algebra generated 
by M contains B, and this concludes the proof. □ 

Proposition 2.12 There exists a *-homomorphism (f) : 0{Qa i ct, L) G{Qa) such that 
Hf) = f^e for all f G G{X) and ) = fx5x for all f G Dx and x G G. 

Proof. Let us define initially a homomorphism from the Toeplitz algebra T(r2^ , a, L) to 
Ci^A) X F. Define ^' : Ci^A) G(JTa ) XgF by </>'(/) = f6e and : CJJJ) C{nA) XgF 
by 4>"{fx) = fx^x for fx G Dx- Clearly ^ is a *-homomorphism. Bv 12.21 a) ^' is well defined. 
Moreover 0" is linear and given g = Yldx and / = ^ /^^ in Gc{U), where fx,gx S -D^^, we have 
that 

'^"(5)*0"(7) = {Y.9xSxnY.fySy) = {Y.ex^.{gl)5x-^){Y,fy5y) = 

= ^Gx-A9*x)K-^fy^y = ^Qx-^{9*xfy)^x-^y = ^Gx-A9*xfx)5e- 
x,y x,y X 

Claim: L{g* f) =Y.Ox-^{g*xfx) 

It is enough to show that L{g*fx) = dx^ig^fx) because 5*/^ = for x / y. For this notice 
that if x"^ ^ ^ then L{glfx){i) = = e-^{glfx){£). Moreover, if x"^ G i then we have 
L{glfxm = {g*xfx){xO = {9lfx){hx{i)) = e-\glfxm. So the claim is proved. 

Then = L{g* f)5e = ^'{(gj)), and so, )*0"(7) = ^'((^J))- Therefore 

X 

u"{f)f = wnlmm = waUm < uLm = ii/iii. 

from where we may extend (j)" to M. In this way we obtain a function 

(l):C{nA)UM^C{nA) XeF 

defined by </>(/) = (/)'(/) if / G ^(^4 ) and 0(m) = (j)"{m) for m G M. 

Claim: (j) satisfies the relations which defines T{VtA ,Oi,L). 

By density of Cc(J7) in M it suffices to verify if </> satisfies the relations for elements of the 
form / = fx ,9 = 9y ^ Cc{U) , where fx, gx G Dx, and h G C{Qa )• We already know that 
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(j) preserves the relations of C{VtA)-, of M and that 4>{f )*4>{g) = 4>i{f ,s))- Moreover, 
<P{h)Hf) = hSe fA = ^f-^- = Hhf)= Hhf) 

and 

This proves the claim. 

Se we may extend (j) to T{Qa , ct, L). We will show that if {a,k) is a redundancy then 
(j){a) = (t>{k). For each e D^, (pifa; Ix *) = fxSx^x-^^x-^ = fx^e = 4>{fx) and so if f = fx 

X 

with fx € Dx then 4>{f) = Y^'t'ifx^x )• Given a redundancy {f,k) with / € /q, and so 

X 

f G Co{U) by 12.61 choose {fn)n ^ Cc{U) such that /„ f, and (A;„)„ C ETi such that 

kn ^ k and A;„ = ^ mi^ni'in with mi^n-,fi,n ^ Since /„ G Cc{U) for each n, we have that 
i=l ' ' 

- — _ — ^ 

/n = E /:r,,„ and so (/>(/„) = E </'(/x,,„ )• Then 
i=l 1=1 

- mf - ky = hmcpif - kmur - Hk:)) = 

n 

= lim</)(/ - kmY K„ *) - HY ^^nKn)) = 

i=l 

= ]imm - k){Y iT, fx, * - = 0- 

1=1 

The last equality follows by the fact that (/ — k)m = for each m G M, because (/, k) is a 
redundancy. This shows that (p{f) = (j){k). □ 

Proposition 2.13 The *-homomorphism ip : Oa 0{^Ia ,Oi, L) defined in \2.1(A is a 

* -isomorphism. 

Proof. To prove that ip is surjective it is anough to prove that M U C($7a ) ^ lTa.{ijj). By the 
lemma l^.lll M C Im('i/'). By the same lemma, the elements of the form 1^ : e 7^ r G F are in the 
range of ij) and moreover, V'(l) = 1 = le- The algebra generated by the elements {1^ : r G F} is 
self-adjoint, contains the constant functions and separate points, and so is dense in C{VLa)- It 
follows that C{Q.A ) ^ \ni{ip). In order to see that ijj is injective, note that <I>~^</>i/) = Idp a ^^^^^ 
(j) is the *-homomorphism of 12. 121 and $ is the *-isomorphism between Oa and C{Qa ) such 
that ^iSx) = IxSx- □ 

By this proposition and bv l2.11l it follows that the Cuntz-Krieger algebra for infinite matrices 
Oa is isomorphic to the algebra B, generated by M. Note that the algebra generated by M 
coincides with the ideal (M) of 0{Qa ,a,L). 
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3 Relationship between the gauge-invariant ideals of 0{X,a,L) 
and open sets of X 

We show in this section a bijection between the gauge-invariant ideals of 0{X, a, L) and 
the £7, (T~^-invariant subsets of X. In particular, we prove that every gauge-invariant ideal of 
0{X,a, L) is generated by the set CoiV) for some V X whith is a, (T~^-invariant. 

Definition 3.1 a) A set V Q X is a-invariant if ct{V n C/) C y. 
h) A set y C X is a^"^ -invariant if a^^{V) C V. 

c) A set V ^ X is a, -invariant if it is a-invariant and -invariant. 

Let y C X be an open set. We say that Co{V) is L-invariant if L{Co{V) n Cc{U)) C CoiV). 

Proposition 3.2 a)A open set V X is a-invariant if and oly if Co{V) is L-invariant. 

b)A open set V X is a~^ -invariant if and only if fa{g) G Co{V) for all f € Cc{U) and 

geCoiv). 

Proof, a) Suppose V cr-invariant. Given / G CoiV) fl Cc{U), choose x ^ V. Supposing 
y G a~^{x) n V, we have x = a{y) G V because V is c-invariant. So there does not exists a 
such y, and therefore L{f){x) = 0. This shows that L{f) G Cq{V). On the other hand, suppose 
CQiy) L-invariant. Suppose x ^ U r\V and choose fx G Cc{U) n CQiV) such that fx{x) 7^ 0. 
Then L{f*fx) G Cq{V) and L{f*fx){a{x)) ^ 0, which shows that a{x) G V. 
b) Suppose V o-^^-invariant. Let / G Cc{U), g G Cq{V) and x ^V. If x ^ U, then f{x) = 
and so {fa{g)){x) =0. If x G C/, since V is (T~^-invariant then a{x) ^ V and therefore 
fa{g){x) = f{x)g{a{x)) = 0. So fa{g) G Cq{V). On the other hand, let x G cr"^(y), y eV. 
Choose g G Cq{V) such that g[y) 7^ and / G CdJJ) such that f{x) / 0. Then, since 
fa{g) G Co{V) and {fa{g)){x) = f{x)g{y) 7^ it follows that x . So F is (T~"'^-invariant. □ 

If y C X is an open a, u^-'^-invariant set then X' = X\V \s a. compact a, (T~^-invariant set. 
Define U' = Ur\X' (= U\V) and consider a' := ay^ : U' ^ X' which is a local homeomorphism. 
Consider the C*-dynamical system {X',a',L') where a' and L' are defined as a and L in the 
section 12.11 Denote by M' the Hilbert module generated by Cc{U'), by {Co{V)) the ideal 
generated by Co{V) in 0{X,a,L) and by b the image of the elements b G 0{X,a,L) by the 
quotient map oi 0{X,a, L) on 0{X,a, L)/ {Co{V)). 

Theorem 3.3 There exists a *-isomorphism ^ : 0{X , a, L) / {Cq{V)) 0{X' ,a' ,L') such that 
*(7) = f\^, for each f G C{X). 

Proof. Define ^'i : C{X) C{X') by = /|^, which is a *-homomorphism and is 

surjective, by Tietze's theorem. Moreover, for every / G Cc{U) C M define ^2if) = f\^i , 
which is a linear and contractive of Cc{U) Q M to M' and so we may extend it to M . So 
we may define in an obvious manner ^'3 : C{X) U M ^ T{X' , a', L'). It is easy to verify that 
^3 satisfies the relations that defines T(X, a,L) and so ^'3 has an extension to T(X, a,-L), 
which will be denoted by ^'3. We will show that ^'3 is surjective. Given h G CdU'), choose 
g G CciU) such that g\^^^^^^^ = 1 and / G C(X) such that ^'3(/) = h. Then fg G CdU) and 
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^3(7)^3(5 ) = hg\^, = hg\^, = h. This shows that ^3(M) is dense in M', and with the fact 
that C{X') C Im(^3), it fohows that ^'3 is surjective. 

Claim: If {f,k) is a redundancy of T{X,a, L) and / E /q then (^'3(/), ^'3(A;)) is a redundancy 
ofT{X',a',L') and^s{f)ell>. 

Let {f,k) be a redundancy of T{X,a, L) and / E Iq. Then fm = km, from where 
^3(/)*3(w.) = ^'3(/c)*3(m). Since ^3(/) G C{X') and ^3(A:) G /sr( and moreover ^'3(M) 
is dense in M' it fohows that (^'3(/), \I'3(A;)) is a redundancy. Since / G Iq, and /q = Co(?7) by 
HSl it fohows that / G Co{U) and therefore ^'3(/) = /|^, G Co(?7') = I^. 

If g is the quotient map of T{X' ,a' ,L') on 0{X' ,a' ,L') then the composition g o ^1/3 is a 
*-homomorphism of T(X,a,L) on 0{X' ,a' , L') which by the claim above vanishes on the ele- 
ments (a — k) for all redundancies (a, k) such that a € Iq. By passage to the quotient we obtain 
a *-homomorphism of 0{X, a,L) to 0{X' , a' ,L') which will be denoted by \I'o. Moreover, given 
/ G Co{V) note that ^o(/) = /|^, = 0, and again passing to the quotient we obtain an other 
*-homomorphism of 0{X,a,L)/{Co{V)) to 0{X' ,a' , L'), which will be called It remains to 
show that ^ is injective. Note that {Co{V)) is gauge-invariant. Consider the gauge action on 
0{X, a, L)/ {Co{V)) whose fixed point algebra is K = |J L„ (see paragraph following II. 11 1) and 

ngN 

the gauge action on 0{X' , a' , L'). Since "if is covariant by these actions, by [3 2.9] it is enough 
to show that ^' restricted to K is injective. For this we will show that ^ restricted to Ln is 
injective for all n G N. 

Claim 1: let ko + ki + ■ ■ ■ + k^ L^- If (piko + A;i -|- • • • -|- kn) = then k^ G Ki. 

Let k[ = ^(ki) and notice that A;^ G C{X') and k'- G K'- for i > 1. Then k'Q + k[-\ h fc^ = 

and so g{k'f^ + k[ \- k'J = for all g G Co{U'). By El it follows that k'f^ = fi + f^ where 

/i G Co(C/') and k'Q+k[---+ k'^^ = f2 fr o m wher e /a = 0. Then k'^ G Co{U') and so fco G Co{UUV) 
from where 1^ G Co{U U F) = Co(C/) + Co(F) C 

Claim 2: ^ restricted to C{X) is faithful, and also ^ restricted to Kn is faithful. 

If / G C{X) and ^{f) = then / G CoiV) and so / = 0. This shows the first part. To prove 
the second assertion let k^ G Kn and suppose that ^{kn) = 0. Then ^'(M A;„ M ) = and 
how M* A~m" C C{X) and ^' restricted to C{X) is faithful it follows that M* AI^m'' = 
from where Kn kn Kn = and so A;„, = 0. 

We will prove now the following claim which will conclude the proof of the theorem. 

Claim 3: For all n G N, ^ restricted to Ln is faithful 

By claim 2 ^ restricted to Lq is faithful. By induction, suppose that ^ restricted to Ln is 
faithful, take k{i + ki + ■ ■ ■ + kn+i G Ln+i and suppose that ^'(/co + ki + ■ ■ ■ + kn+i) = 0. Then 

^(m (ko + Yi + ■ ■ ■ + k;^i)*(Fo+Ti + ■ ■ ■ + k^i)W) = {) 
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and by the induction hypothesis, 



M {ko + ki + --- + kn+iYiko + ki + ... + fc„+i)M = 0, 



from where (/cq + + • • • + kn+i)M = and so (/cq + ki + ■ ■ ■ + kn+i){Ki + • • • + K^+i) = 0. 
By claim 1, ko € Ki, from where /cq + fci + • • • + kn+i € {Ki + • • • + Kn+i) and therefore 
ko + ki-\ h kn+i = 0. □ 

Given an ideal I in 0{X, a, L), the set / C{X) is an ideal of C{X) and so it is of the form 
Co{V) for some open set V X. The following proposition shows a feature of these open sets. 

Proposition 3.4 Let I < 0{X,a,L) and V Q X the open set such that I n C{X) = CoiV). 
Then V is a a, -invariant set. 

Proof. Given / G CdU) n Co{V), take g G Ce{U) such that g\ = 1. Then fg = f e I 
and so L{f) = g*f G In C{X) = Co{V). By O a) it follows that V is cr-invariant. We 
will show that F is a a -invariant set. Let x be an element of V and y G a~^{x). Choose 
fx £ Co{V) such that fxix) = 1 and fy G Cc{U) such that fy{y) = 1 and 0"!^^^^^^ ^ is a 
homeomorphism. Then {fyOi{fx)) = fy fx & I H M and therefore {fyOi{f)) fy G /. Bv 12.31 a). 
fyaUx)f; = {fya{fx)Tfy * and so /j,a(/.)/* G / n C{X) = Co{V). Note that 

{fyO^{fx)f;){y) = \fy\\y)fxHy)) = \fy{y)ffx{x) = i, 

which shows that y £ V. □ 

This proposition shows that there exists a map 

$ : {ideals of 0{X,a,L)} — > {open a,a~^ — invariant sets of X} 

given by = V where V is the open set of X such that / n C{X) = Co{V). The following 
proposition shows that $ is surjective. To prove this proposition we need some lemmas. 

Lemma 3.5 Let V a a-invariant set and fi, - ■ ■ , /n, 5i, • ' ' ) 5n € Cc{U) such that fi G Co{V) or 
5i G Co(F) /or some i. Then /„ • • • /i 5i • ' ' 5n G C'o(F). 

Proof. Suppose fi G Co{V) and define hj = fj ■ ■ ■ fi Qi ■ ■ ■ Qj for j > 1 and /iq = 1- Since 
hj G C(X) for each j it follows that f*hi^igi G Co(y). Bv 13.21 (7nfyl is L-invariant, and so 
hi = fi hi^igi = L{f*hi-igi) G Cq{V). By induction it may be showed that /i„ G CoiV). If 
gi G Co(l^) the proof is analogous. □ 

To show that the map $ is surjective we will show that if V is an open a, (T~^-invariant set 
then {Cq{V)) fl C{X) = Cq{V). The following arguments are a preparation to prove this fact. 
Given / G {Cq{V)) n C{X) and e > then there are ai,hi G 0{X,a,L), hi G Cq{V) such that 

N 



11/ -^^OihibiW < £ 



i=l 
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where each aj is of the form = nii ■ ■ ■ rrir-nl ■ ■ ■ n*. or G C{X) and each 6, is of the form 
bi = Pi ■ ■ ■ Pt^ql ■ • • qf. or 6j € C(X). Moreover we may suppose that nij = zj , nj = wj , pj = Uj , 
Qj = Vj for each rrij , rij , pj , and qj . Considering the conditional expectation E induced by the 
gauge action and that 



N N 



\\f-Y,E{aihA)\\ = \\E{f -Y,aihibi)\\<e, 



1=1 i=l 

we may suppose that rj + tj = Sj + /j, because 



Eimhibi 



aihibi if ri + ti = Si + k 
otherwise 



Lemma 3.6 Let V be an open a, a ^ -invariant set. Then for each i we have that aihibi € CoiV) 
or Oihibi = fi ■ ■ ■ fngn* ■ ■ ■ 91* where fj G Co{V) for some j or gj G Co{V) for some j. 

Proof. Recah that Oj = zi ■ ■ ■ z^^wi* ■ ■ ■ w^^ * or E C(^), bi = ■ ■ -iH^iJi* ■ ■ -vf^* or 
bi e C{X) and rj + = Sj + k. 

Suppose Si < ti. By 13.51 w = wi* ■ ■ ■ w^^ *hiui ■ • - u^i £ Co{V) (if Sj = then w = hi). If 
ti 7^ Si then write aihibi = zi ■ ■ -z^^ wUg^-^-i ■ ■ ■ ut- vi* ■ ■ -vf-* , and note that wUs--^-i € Co{V) 
and therefore Oihibi is in the desired form. If ti = Si then rj = /j. If r j = (and so li = 0) then 
Oihibi = w & Co{V). If Tj / write Oihibi = z\ • • • Zr^a{vS) ■ ■ ■ u^-Vi* • • -vf^* , and in this 

case Zria{w) € Co{V) by the fact that V is (T~-^-invariant, and so aihibi is in the desired form. 

Supposing Si > ti consider the element (aihibi)*, which is in the desired form of the lemma 
by the proof above, and therefore aihibi is also in the desired form. □ 

The following lemma is only a summary from 13.51 to 13.61 

Lemma 3.7 If V is an open a, -invariant set then given f € {Co{V)) fl C{X) and e > 0, 
there exists do S Cq{V) and di = f\ ■ ■ ■ f^. g\^^ • ■ ■ g\ , with /j S Cq{V) or G Co{V) for some 

N 

j, i = 1, - ■ ■ ,N, such that \\f - (do + E ^011 < ^■ 

1=1 

Now we prove the proposition which shows that the map $ is surjective. 

Proposition 3.8 IfV CX is a, a'^ -invariant then {Co{V)) D C{X) = Co{V). 

Proof. It is clear that Co{V) C {Co{V)) n C{X). To show that {Co{V)) n C{X) C Co{V) we 
will show that given / € {Co{V))r\C{X), for every e > it holds that |/(x)| < e for each x ^ V. 

N 

Given / e {Co{V)) n C{X) and e > 0, by Owe may consider ||/ - (do + E < <^ with 

do G Co{V), di = fl ■■■ fi,^ gi^ ■■■ g\ where /j G Co{V) for some j or g'j G Co{V) for some j. 
Define K = IJi^i U^=i(supp(/j) U supp((7*)) which is a compact subset of U. 

Claim 1: If x ^ V and x then \ f{x)\ < e 
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If X ^ [/, choose h G C{X), < /i < 1, such that h{x) = 1 e h^^ = 0. Then hdi = for i > 1 

N 

and so \\h{f - 4)11 = WHf -do+Zdi)\\<e from where \f{x) - do{x)\ = \{h{f - do)){x)\ < e. 

i=l 

Since x \i follows that (io(x) = and therefore < e. 

Now we study the case x and x £ U. Let A'o = max{ni, ■ ■ ■ , nAr}. Supposing A^o = 0, 
that is, di = fore each i > 1, we have that = |/(x) — do{x)\ < e. Suppose therefore that 

A^'o > 1. Let us analyse the case a^°~^{x) E U. Define Xj = a^{x) for j E {0, •■■,A'o}. For 
each j E {0, • ■ ■ , A'^o — 1} take hj E Cc{U) such that hj{xj) = 1, < hj < 1 and o-supp(/jj.) is a 
homeomorphism. 

Claim 2: For each i E {0, • • • , N}, h'- = h^^^i ■ ■ ■ ho dih^ ■ ■ ■ /iatq-i E C^iy). 
For i > 1, since /j E Co(l^) or g^- E Co(F) for some j, bv 13.51 we have that 

M = K,-i • • • /lo *7{ • • • /A, € C'o(V') orv = gl,^ ■ ■ ■ g\ ho ■ ■ ■ hn,-i E Co{V). 

Then uv E Co(T^) and again bv 13.51 it follows that 

h'i = hj\fg_i ■■■ho diho ■ ■ ■ hNo~i = ^Afo-i ' ' ' ^n, uvh^ hn^+i ■ ■ ■ h^g^i E Co(F). 

For i = 0, since d^ho E Co(y), again bv 13.51 /iq = h^o-i • ■ ■ ho doho ■ ■ ■ h^^^i E CoiV). This 
shows the claim. 

Define /' = /iATg-i • • • /lo /^o ■ • • ^Afo-i • By the fact that 0"!^^^^^^ ^ is a homeomorphism it 
follows that /(xiVo) = Moreover, since xmq ^ 1^, by the fact that V is o"~^-invariant and 

x ^ y, it follows that h[{xNo) = ^ each i. Since /', /i^ E C(X) we have that 

n N N 

ll/'-K + E^^)ll~ = ll^i*---^o*(^-(^o + E^^))^o ■■■^ill ^ ll/-(do + J^di)|| <e, 

1=1 i=l i=l 

n 

from where |/(x)| = \{f - {h'^ + ^ K)){^n,)\ < e. 

1=1 

It remains to analyze the case x ^ V , x (z U but a^{x) ^ C/ for some n < Nq — 1. For 
i E {0, • • • .n — 2} define /ij as above, that is, hj E Cc{U) such that hj{xi) = 1, < /ij < 1 
and i^i^^^ppj^ ^ is a homeomorphism. For Xn-i choose /in-i E Cc{U) such that < /in-i ^ 1) 
= 1, is a homeomorphism and (T(supp(/i„_i)) C X \ iiT. It is possible to 

choose such /in_i because a{xn-i) = o-"(x) eX\C/ CX\i^. 

Claim 3: For Ui > n + \, hn-i • • • /lo dih^ ■ ■ ■ hn-i = 0. 

Denote by u the element hn-2 ■ ■ ■ fi''' fn-i which is an element of C{X). Then 

hn-i ■■■ho*fi--- = hn-i ufi, fl^^ = . 

We will show that L{h^_^uf}i)f^^-^ = 0. If x ^ supp(/*+;^) or if cr^^(x) = then 
(L(/i*_]^u/A)/,*^]^)(x) = 0. Suppose therefore x E supp(/n+i) and y E a^^{x). Supposing 
that y E ct~^(x) n supp(/in-i) we have that x = (t(?/) E (T(supp(/in-i)) ^ X \ K, which is 
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an absurd because x ^ K. Therefore if y G cr ^(x) then y ^ supp(/i„_i), and by this way 
L{h*^_^ufl){x) = (K-i^fDiy) = 0- So L{h*^_^uf}^)fl^-^ = and the claim is proved. 

Claim 4-' For rii <n,h[ = /in-i ■ ■ - ho dj/iQ • • • /in-i £ Cq{V). 
The proof of this claim is analogous to the proof of claim 2. 

Again hn-i ■ ■ ■ ho fho ■ ■ ■ hn-i = f com f'{xn) = f{x). Moreover, by the fact that Xn ^ V 
it follows that h'-[xn) = for each i. Then 

N 

Wf -K - ^ ^ill = WK-i* ■■■ho* {f -{do + ^di))ho ■■■K^iW <e 

ni<n i=l 

from where \f{x)\ = |(/' - K - K){xn)\ < e. 

ni<n 

In this way, given e > 0, for all x ^V, we have that |/(2;)| < e. Therefore / G Co{V). □ 

The following theorem is the main result of this section. 

Theorem 3.9 There exists a bijection between the gauge-invariant ideals of 0{X,a, L) and the 
open a, a^^ -invariant subsets of X. 

Proof. All what we have to do is to show that the map 

$ : {ideals of 0{X,a, L)} {open cr, o""^ -invariant subsets of X}, 

given by <!>(/) = V where V is the open subset of X such that / n C{X) = Co{V), is bijective. 
By the previous proposition $ is surjective. It remains to show that ^ is injective. For this, 
given I < 0{X, a, L) gauge- invariant, let F C X the open subset a, u"^ -invariant such that 
/ n C{X) = Co{V). We win show that {Co{V)) = I. It is clear that {Co{V)) C /. RvIO there 
exists a *-isomorphism ^ : ^^(v"')^ ~^ 0{X' , a' , L') where X' = X \ V. Let / the image of / 
by the quotient map of 0{X,a,L) on 0{X,a, L)/ {CoiV)). Since / is gauge-invariant and ^' 
is covariant by the gauge actions we have that ^{I) is gauge-invariant. Supposing 1^0, and 
so (7) / 0, it follows that ^-(1) n C{X') = Co{V') / by EH Let ^ g e Co{V'). Then 
g = ^{f) for some / G C{X) and g = ^(a) with a I. Therefore ^'(/) = g = ^'(a) from where 
7 = ^. In this way, / - a G {Co{V)) C / and so / G /. It follows that / G / n C{X) = Co{V), 
that is, g = ^{f) = 0, which is an absurd. Therefore / = and this shows that / = {Co{V)). □ 

Notice that we have showed that every gauge-invariant idel / of 0{X, a, L) is of the form 
{Co{V)) where V is the o", u^-'^-invariant open subset such that In C{X) = Co{V). By this 
theorem we have the following non simplicity criteria of 0{X,a,L): 

Corollary 3.10 IfUis nonempty and UL)a{U) is not dense in X then 0{X,a, L) has at least 
one gauge-invariant nontrivial ideal. 

Proof. Note that V = X \ U U (t(C/) is an open o", (T~^-invariant set. Since U U o"(C/) is 
not dense in X it follows that V is nonempty. Then {Co{V)) is a nonzero gauge- invariant 
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ideal of 0{X,a, L). By the previous theorem, supposing {Co{V)) = 0{X,a,L) we have that 
Co{V) = C{X), which is a contradiction, because V ^ X, hy the fact that U is nonempty. □ 

4 Topologically free transformations 

In this section we prove that under certain hypothesis about X, every ideal of 0{X, a, L) has 
nonzero intersection with C{X) and based on this fact we show a relationship between the ideals 
of 0{X, a, L) and the a, o""^ -invariant open subsets of X. Also we show a simplicity criteria for 
the Cuntz-Krieger algebras for infinite matrices. 

4.1 The theorem of intersection of ideals of a,L) with C{X) 

Let us begin with the lemma: 
Lemma 4.1 a)For each f € Cc{U), supp{L{f)) C a{supp{f)). 

b) Let h, fi, ■ ■ ■ , fn, gi, ■ ■ ■ , gn be elements of Cc{U) such that a^"^ {supp{h)) C U. Then 
supp(fk * • • • 7i *hgi ■■■gk) a^{supp{h)) for each /c € {0, • • • , n}. 

Proof, a) The proof of this fact is similar to the proof given in [H18.7], although our context 
is a little different. Let x G X with L{f){x) ^ 0. Suppose x ^ cj(supp(/)). Choose g G C{X) 
such that g{x) = 1 and ^l^f^^pp,^,) =0. If y G supp(/) then a{g){y) = g{a{y)) = because 
a{y) G cr(supp(/)). This shows that fa{g) = 0. So we have 

/ L(/)(x) = L{f){x)g{x) = {L{f)g)(x) = L{fa{g)) = 0, 

which is an absurd. Therefore x G fj(supp(/)). 

b) By a) we have that supp(/i hgi ) = supp{L{f^hgi)) C a{svipp{f*hgi)), and it is clear that 
cr(supp(/*/i(7i)) C cr(supp(/i)). Suppose that 

- — ■ — - ^ - — ' * ^ h ^ 

supp(/fc_i ■■■ fi hgi ■■■ gk-i ) C a " (supp(/i)) for 2 < A; < n. 

* — * 

Then, by placing g = fk-i ■ ■ ■ fi hgi ■ ■ ■ gu^i , by a) we have that 

s\\VV{Jk*ggk ) = supp{L{f^ggk)) C a{supp{fkggk))- 

Since supp{f^ggk) C supp((7), and by the induction hypothesis supp(g) C cr^~^(supp(/i)), it 
follows that supp{f^ggk) ^ cj'^^^(supp(/i)). By hypothesis we have that cr^~^(supp(/i)) C U and 
so cr{supp{f^ggk)) Q a'' {supp{h)) . □ 

For each i 7^ j in N define 

V''^ = {x€X : a\x) = a^ix)}. 

Note that for a; G X to be an element of V^'^ it is necessary that x lies in dom((T*) n dom((T-'). 

Lemma 4.2 If fi, - ■ ■ fi-,gi-, - ■ ■ -.gj G Cc{U) with i ^ j then for each x ^ V"^'^ there exists 
h G C{X) such that < h < 1, h{x) = 1, and hfi ■ ■ ■ figj *■■§! *h = 0. 
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Proof. By taking adjoints we may suppose that i > j, and so i > 0. Define the set 

i 3 

= ( U supp(/,.))( U supp(5(s)) which is a compact subset of U . If x ^ U, take h € C{X), 

r=l s=l 

< /i < 1 , h{x) = 1 and = 0. Then hfi = 0, which proves the lemma in this case. So we 
may suppose that x . We will consider two cases: the first when x ^ dom(cr*) and the second 
when X S dom(cj*). Suppose x ^ dom((j*). Then there exists 1 < k < i — 1 such that cr^(x) ^ C/ 
(note that i >2 because x G [/ = dom(cr)). So a^{x) ^ K. Take Vq C X an open subset with 
a^{x) G Vq and H K = 0. Then F = (j^^{Vq) 9 x is an open subset in U. Choose h G Cc{U) 
with supp(/i) C F, < /i < 1 and = 1. Then, since a^'^ (snwih^)) Q a^-'^{V) C U, by 
EUb), 

supp(/fc *•••/! • • • A ) C aHsnppih^)) Q a''{V) C Fq. 

Since Vq H iiT = and supp(/fc+i) C we have that (/^ • • • /i /i^/i ■ ■ ■ fk )fk+i = from 
where hfi ■ ■ ■ fk+i ■ ■ ■ fi =0. Therefore hfi - - - fi gj* ■ ■ ■ gi*h = 0. It remains to show the case 
X G dom(o"*). By the fact that i > j it follows that x G dom{a^). Therefore, since x ^ V^'^ we 
have that (j*(x) / a^{x). Let 9 cj*(x) and Vj 3 a^{x) open subsets such that 1^ n Vj- = 0. Let 

V = a~'^{Vi) n cj^''(Vj) and note that V is an open subset which contains x. Take h G Cc{U) 
with < < 1, = 1 and supp(/i) C y. Then, since a'-'^{V) C [/ and a^-^{V) C [/, bvIO 
b) we have that 

supp(7. * • • • 7i *h^fi ■■■fi)C ctXsupp(/i2)) C 

and 

snpp{gj * ■■■gi *h^gi ■■■gj) ^ o-^(supp(/i^)) c V,-. 

Since Vi and Ij- are disjoints it follows that (/j • • • fi h^fi • ■ ■ fi){gj * ■ • • gi *h?gi ■ ■ ■ gj) = 0, 
from where hfi ■ ■ ■ figj* ■ ■ ■ gi*h = 0. □ 

Definition 4.3 We say that the pair {X, a) is topologically free if for each V^'^ , the closure V^'^ 
in X has empty interior. 

By the Baire's theorem, X is topologically free if |J V^'^ has empty interior. In this way, 

Y = X\ U y»J is dense in X. 

Let S be the set of positive linear functionals of 0{X,a,L) given by 

S = {ip : is a positive linear functional and ^[(^^^^^ = Sy for some y G Y} 

where 5y{f) = f{y) for each / G C{X). We don't know the characteristic of these functionals, 
nevertheless for a G 0{X, a, L) and / G C{X) it holds the following relation: 

Lemma 4.4 If ip is a positive linear functional of 0{X,a,L) such that ^i^^^^^ = Sx for some 
X (z X then for each f G C{X) and a G 0{X,a, L) we have that <f{fa) = ip{f)ip{a) and 
(p{af) = (p{a)(p{f). 

Proof. By taking adjoints it suffices to prove the case f{af) = ip{a)(p{f). For each 
h G 0{X,a,L) we have that (6 — (p{b))*{b — ip{b)) > 0. Therefore if is a positive func- 
tional then <f{b*b) - >fib*)fib) = ip{{b - ^{b))*{b - 99(6))) > 0, from where ip{b)*^{b) < Lp{b*b). 
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Since /*a*a/ < f*f\\a\\^ it follows that ip{f*a*af) < ^{f*f)\\a\\\ Put b = af, and so 
< ip{af)*ip{af) < ip{f*a*af) < ip{f*f)\\a\\^ = ||af where x is such that ip\^^^^ = 6^. 

This shows that if f{x) = then (p{af) = 0. Define g = f — fix). Then g{x) = and so 
<^{ag) = 0. By this way 

Haf) - 'f{a)^U) = 'fiaf) - 'p{a)f{x) = ip{af) - ip{af{x)) = ip{a{f - f{x))) = ip{ag) = 
and the lemma is proved. □ 
For each a G 0{X, a, L) define 

|||a||| = sup{|(/9(a)| : ip e S} 

which is a seminorm for 0{X, a,L). 

We are not able to show that ||| ||| is nondegenerated in 0{X,a,L), but in L„ ||| ||| has the 
property, given by the following lemma, that |||r||| ^ for every positive nonzero element of -L„, 
remembering that -L„ = C{X) + Ki + • • • + Kn for each n > 1 and Lq = C{X). 

Lemma 4.5 Let {X, a) be topologically free. For each r ^ with r > and r ^ it holds that 

\M\ / 0. 

Proof. 

Claim 1: If ^ r Ln, r positive and r ^ C{X) then there exists g G Cc{U) with cr^_^^^^^^^ a 
homeomorphism and g*rg ^ 

Since r > we may write r = b*b with b € -L„. Suppose that for each g £ Cc{U) with C|aupp(g) 
homeomorphism, it holds that g*rg = 0, and so g*b* = 0. Then (making use of partition of 
unity we may write each / € Cc{U) as a sum of g as above) we have that f b* = for each 
/ G Cc{U) and so M*b* = 0. It follows that Kib* = 0, and since Co{U) C Ki byE^lb) we have 
that Co{U)b* = and byESb) it follows that b* G C{X). In this way r = b*b (£ C{X), which 
contradicts the hypothesis and the claim is proved. 

Claim 2: If ^ r £ Ln, r > and r ^ C{X) then there exists gi, - ■ ■ ,gi G Cc(U) such that 
ai^ is a homeomorphism for each j and gi* • • • gi *rgi ■ ■ -gi G C{X). 

SUpp { Qj j 

By claim 1 there exists gi G Cc{U) such that is homeomorphism and ^ §{ *rgi . 

Note that gi *rgi G Ln-i- By induction suppose ^ gi* ■ ■ ■ gi *rgi ■ ■ ■ gi G Li where gj G Cc{U) 
and (Ti ^ is a homeomorphism for each j. Then, by claim 1, or gi* ■■■ gi *rgi ■ ■ ■ gi G C{X) or 
there exists gi+i G Cc{U) with o-|,^pp(j,^^^) homeomorphims and ^ 5^ *gi* ■ ■ ■ gi *rgi ■■■gi m+i . 
Since ^^fi m* ■ ■ ■ §1 *rgi ■■■gi 9m G C{X) the claim is proved. 

We will now show the lemma. Let r £ Ln, r positive and no null. It is enough to show that 
there exists ip £ S such that ip{r) ^ 0. Since {X,a) is topologically free then Y (= ^\IJ V^'^) is 

id 

dense in X. So, if r G C{X) then there exists y (zY such that r{y) > 0. Take ip which extends 
6y, and therefore ip{r) ^ 0. Suppose r ^ C{X). Choose fx^, ■ ■ ■ , fxi ^ Cc{U) as in claim 2. Then 
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0^/i = /x, ■■■/xi rU, eC{X). So 

h*hh* = f^^ ■■■ f^^ rf^^ ■■■ f^^ hfx, ■■■fxi rf^^ ■ ■ ■ fx, / 

from where g = fx^ ' ' ' fxi hfxi • • • fxi 7^ 0. How cri^^pp^^ j is homeomorphism it follows by 
12.31 a) that fxih/x^ G C{X). Applying these arguments sucessively it may be proved that 
9 = fxi ■■■fxihfxi • • • fxi G d{X). By the the same argments it follows that 
u = fxi ■■■fxifxi ■■■fxi G C{X). Since 5 / there exists y e Y such that g{y) / 0. 
Take € 5 which extends 6y. Then we have that <^{g) = g{y) 7^ 0. Bv 14. 4| since g = uru, 
ip{g) = ip{uru) = ip{u)ip{r)ip{u) and therefore ip{r) 7^ 0. □ 

Now we are able to prove the main result of this section. 

Theorem 4.6 // (X, a) is topologically free then each nonzero ideal of 0{X, a, L) has nonzero 
intersection with C{X). 

Proof. Bv l2.7l it suffices to prove that every nonzero ideal of 0{X, a, L) has nonzero intersection 
with K. Let 7^ I < 0{X, a, L). Suppose I (1 K = 0. Then the quotient *-homomorphism 
vr : 0{X,a,L) 0{X,a, L)/I is such that n^j^ is an isometry. 

Claim: For each b £ 0{X,a, L) it holds that |||£'(6)||| < ||vr(6)|| where E is the conditional 
expectation defined in section . 

Let a be of the form a = with ao,o G C-{X) and Oij € M'^M^* for i 7^ or 

0<i<n 
0<i<m 

i ^ 0, = E alj, = f^^^^ ■ ■ ■ ft,j,i9i,j/ ■ ■ ■ 9-,^/ where fljp9i,j,t ^ Cc{U) for 

each i,j,k,l and t. Given e > there exists ip £ S which extends 5y for some y £ Y 
such that |||^(a)||| - e < \ip{E{a))\. Note that y ^ V"-'^ for i 7^ j. Then, for every of^ with 
i + j, bv there exists h^j £ C{X), < h^j < 1, such that h^jiy) = 1 and ha^jh = 0. 
Define = H 11 ^ij- Then haijh = for each i ^ j from where hah = hE{a)h, and 

0<i<n l<k<ni , 
0<j<m 

moreover h{y) = 1. ByEM(p{hE{a)h) = ^p{h)ip{E{a))^p{h) = h{y)ip{E{a))h{y) = (p{E{a)), and 
so Lp{E{a)) = Lp{hE{a)h) = (p{hah). Since hah = hE{a)h £ K e is an isometry it follows 
that ||/ia/i|| = ||7r(a/ia) ||. Then 

|||£^(a)||| - e < \ip{E{a))\ = \ip{hah)\ < \\hah\\ = \\TT{hah)\\ < ||7r(a)||. 

Since e is arbitrary it follows that |||£'(a)||| < ||7r(a)|[ for a in this form. Given b £ 0{X, a, L), 
for each e > choose a £ 0{X, a, L) as above such that \\a — b\\ < e. Then 

111^(6)111 < \\\E{b-a)\\\ + \\\E{a)\\\ < |||i^(a) |1| + e < |k(G)|l + 6 < 

< ||7r(a-6)|| + ||7r(6)|| + e < ||7r(6)|| + 2e. 
Again, since e is arbitrary it follows that |||-E'(6)||| < j|7r(6)||, and the claim is proved. 
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Observe that E{I) is a closed ideal of K. Also, E{I) is nonzero, because 7^ / and E is 
faithful. Then E{I) n L„ / for some n (see jH III.4.1]). Let / c G nL„. Then, since 
c*c G L„ and c*c is positive and nonzero it follows bv 14.51 that |||c*c||| ^ 0. We shall prove that 
|||c*c||| = 0, and this will be an absurd. For each a = E{b) G E{I) with 6 G / we have that 

|||a*a||| = |||ii;(6*)ii;(6)|I| = mb*E{bm\ < ||vr(6*i?(6))||. 

By the fact that b*E{b) G / it follows that ■n{b*{E{b))) = and so |||a*a||| = 0. This shows that 
|[|a*a||| = for each a G E{I). Given e > 0, take a G E{I) such that \\a*a — c*c\\ < e. Then 

|||c*c||j < \\\c*c — a*a\\\ + |||a*a||| = \\\c*c — a*a\\\ < \\c*c — a*a\\ < e. 

So |||c*c||[ < e for each e > from where |||c*c||| = 0, and that is an absurd. Therefore lOK ^ 0, 
and the theorem is proved. □ 

4.2 Relationship between the ideals of 0{X, a, L) and the a, a^-invariant open 
subsets of X 

We obtain here a relationship between the ideals of 0{X, a, L) and the a, u^^-invariant 
open subsets of X under an additional hypothesis about {X,a), which is that for every closed 
o", (T^-'^-invariant subset X' of X, (X',cj|^, ) is topologically free. 

Proposition 4.7 Let I be an ideal of 0{X,a, L) and V X the open subset such that 
I n C{X) = Co{V). If {X',a\^,) is topologically free (where X = X\V) then I = {Cq{V)). 

Proof. Bv K14i y is o", (7~^-invariant, from where X' is also o", fi^^-invariant. Bv imSI there exists 
a *-isomorphism ^ : ^ 0{X',a',L'). Obviously {CoiV)) C /. Suppose / / {Co{V)). 

Then 7 / and so ^(7) / 0. By EH ^-(7) n C{X') / 0. Let / g G ^(7) n C{X'). 
Then g = ^(^) for some a G / and also g = ^(7), because ^'(C(X)) = C{X'). Therefore 
'J'(a) = ^if) from where a = f and so / — a G {Cq{V)) C /, in other words, f £ I. In this 
way / G / n C{X) = Co{V) and so / = from where g = ^'(/) = 0, which is a absurd. So we 
conclude that / = {Co{V)). □ 

Theorem 4.8 // {X,a) is such that (X',(T|^,) is topologically free for every closed subset 
a, -invariant X' of X then every ideal ofO{X, a, L) is of the form {Co{V)) for some open sub- 
set F C X. Moreover, the map V — > {Co{V)) is a bijection between the open a, -invariante 
subsets of X and the ideals of 0{X,a,L). 

Proof. Let / < 0{X,a,L), and Co{V) = InC{X). By 031 y is a, fj-i-invariant, from where 
X' = X \ V is also (J, fT~^-invariant. By hypothesis (X',cr|^,) is topologically free. Bv 14. 7( 
/ = {Co{V)). In particular, note that every ideal of 0{X,a,L) is gauge-invariant. So, bv 13.91 
the map a V — > (Co(C)) is a bijection. □ 

4.3 An simplicity criteria for the Cuntz-Krieger algebras for infinite matrices 

Recall that is the oriented graph whose vertex are the elements of G such that given 

x,y £ G there exists an oriented edge from x to y if A{x, y) = 1. An path from x to y is a finite 
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sequence xi - ■ -Xn such that xi = x, Xn = y and A{xi,Xi+i) = 1 for each i. We will say that 
Gfi{A) e transitive if for each x,y & G there exists a path from x to y. 

The following proposition singles out the a, a "^-invariant open subsets of ■ 

Proposition 4.9 If Gr{A) is transitive, the unique a-invariants nonempty open subsets o/Qa 
are ft a \ and Qa- 

Proof. Let y be a fi-invariant open subset of Qa- Let ^ € ^ an element whose stem is infinite, 
(such elements form a dense subset in 0,a)- Choose Vn neighbourhood of ^ in V, 

Vn = {i^e ^Ia; w{i')i^ = 

where w{i') is the stem of u. Let n G ^Ia such that > 1 and let x e G, with x e /j,. 

Since Gr{A) is transitive there exists a path xi---Xjn from w{$,)n to x, and by this way 

w{^)^^X2 ■ ■ ■ Xm-il-L & Vji C. V. Since V is tr-invariant it follows that (i ^ V because 
^ = fT"+™-2(u'(0|„X2---.T„_i^). SoJ7cy. If0/^ea4\t/ then there exists x G G 
such that G Since ^ U and a{x^) = ^ it follows that ^ ^V. This shows that 
ff-A \ C y, from where the result follows. □ 

Since VLa and flA \0 are cr^-'^-invariant it follows by the previous proposition that the unique 
o", o"~^-invariant open nonempty subsets of Q,a are Q,a and ^Ia \ 0- 

Given ^ G dom((7*) with wi^) = xiX2 • • • we have that w{a''{$,)) = Xi+iXi+2 ■ ■ ■■ This shows 
that if ^ G V^'^ then w{^) is infinite, because if we suppose that \w{^)\ = n, then we have that 
n — i = \w{a^{^)) \ = \w{a^ {^))\ = n — j from where i = j, which is an absurd. 

The following proposition shows a relationship between Gr{A) and Qa ■ 

Proposition 4.10 If Gr{A) is transitive then ^Ia is topologically free. 

Proof. Suppose i>j,i = j + k and that V^'^ has nonempty interior. Let v be an interior 
point of y*'-? and C y*J an open subset which contains v. Then there exists an element 
C G K n V^'^. Since a^{C) = a^{C) we have that 

Xi+iXi+2 ■■■ = w{a\^)) = w{a^{C)) = Xj+iXj+2 

from where Xi+r = Xj+r for r > 1. Since i = j + k it follows that Xj+fe = xj^k = ^i, and 
also that = Xj_^_^k+r) = ^{j+k)+r = ^i+r for each r > 1. Applying the last equal- 

ity repeatedly it follows that Xi^^k+r = Xi-^r for each n G N and r > 1. This shows that 
w{^) = xi • • • Xi^isss • • • , where s = XjXj+i • • • Since w{£,) is infinite, there exists n > i 

such that Vn = {r] eflA ■ w{r])^^ =xi---x„ = iu(0|„} ^ K- 

Claim: = {C} 

Supposing G Ki n F*'-', with the same arguments as above it may be proved that 
w{ri) = xiX2 • • • Xi-isss ■ ■ ■ , from where w{ri) = and since r],$, have infinite stems it 

follows that r] = ^. Let u G Vn- Then, since Vn Q V^'^ there exists a net (i/;); C V^'^ such that 
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— >■ V. Since u G Vn and Vn is open we may suppose that (t'/)/ C Vn- Therefore vi = ^ for each 
/ and so = ^. This proves the claim. 

Let y G G \ {xi, Xj+i, • • • , Xi^(^f^_i-j} . By the fact that Gr{A) is transitive there exists a path 
Hi - ■ - Hr where yi = Xn+i and yr = y and an other path zi - ■ ■ zt such that zi = y e zt = xi. In 
this way we may consider the infinite admissible word xi ■ ■ ■ Xnyi ■ ■ ■ yrZ2 • ■ ■ zt-iw{^) which is 
the stem of some element ^ G Qa ■ Notice that ^ E by the definition of Vn and that ^ 7^ ^, 
because its stems are distinct. This contradicts the claim. Therefore, V-'^ has empty interior, 
and so is topologically free. □ 

We will prove now the main result of this section. 

Proposition 4.11 // Gr{A) is transitive the unique ideals of Oa cire the null ideal, Oa o,nd 
Oa. 

Proof. Bv 14. 91 the unique closed a, (T~"^-invariants subsets of Q,a are Qa , the set {0} (if € Qa 1 
that is, if Oa 7^ Oa by O 8.5]) and the empty set. Since these subsets are topologically free, 
bv 14.81 the ideals of 0{i^A ,ce, L) are precisely 0, {Co{Qa \ 0)) and 0(0^, a, L). Therefore if 
^ Qa (that is, if Oa = Oa ) then 0{Qa , ct, L) has no nontrivial ideals and the proposition is 
proved in this case. If G il.A then bv 14.81 0(^7 4 ,a,L) has exactly one nontrivial ideal, which 
is {Co{Qa \ 0))- Therefore Oa has also exactly one nontrivial ideal. By |SJ 8.5] Oa Oa and 
since 7^ Oa ^ Oa it follows that Oa is a nontrivial ideal of Oa ■, and so is unique. □ 

A direct consequence of this proposition is that if G/j(^) is transitive then Oa is simple. 
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